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A POSITIVE RADIAL PRODUCT FORMULA
FOR THE DUNKL KERNEL

MARGIT ROSLER

ABSTRACT. It is an open conjecture that generalized Bessel functions associ-
ated with root systems have a positive product formula for nonnegative multi-
plicity parameters of the associated Dunkl operators. In this paper, a partial
result towards this conjecture is proven, namely a positive radial product for-
mula for the non-symmetric counterpart of the generalized Bessel function,
the Dunkl kernel. Radial here means that one of the factors in the product
formula is replaced by its mean over a sphere. The key to this product for-
mula is a positivity result for the Dunkl-type spherical mean operator. It can
also be interpreted in the sense that the Dunkl-type generalized translation
of radial functions is positivity-preserving. As an application, we construct
Dunkl-type homogeneous Markov processes associated with radial probability
distributions.

1. INTRODUCTION

Along with addition formulas, product formulas have always been a challenging
topic in the area of one-variable special functions. Typically, positive product
formulas are obvious for particular parameters from a group-theoretical background
(when e.g. the functions under consideration have an interpretation as the spherical
functions of a Gelfand pair), but it is often difficult to obtain a generalization to
larger classes of parameter values. For special functions in several variables such
questions seem to be even more intricate. One open conjecture in this direction
concerns positive product formulas for multivariable Bessel functions associated
with root systems, provided all multiplicity parameters are nonnegative. In the
present paper, we prove a partial result towards a positive product formula for
multivariable Bessel functions on a Weyl chamber, namely a positive radial product
formula for the non-symmetric counterpart of the generalized Bessel function, the
Dunkl kernel. This kernel is the analogue of the usual exponential function in the
theory of rational Dunkl operators as developed in [6], [7], and [8]. To become more
precise, let us briefly introduce our setting. Let R be a (reduced, not necessarily
crystallographic) root system in RY, equipped with the standard Euclidean inner
product (., .), i.e., RC R¥ \ {0} is finite with RNRa = {+a} and o,(R) = R for
all @« € R, where o, denotes the reflection in the hyperplane perpendicular to a.
We assume R to be normalized such that («, «) = 2 for all @ € R. This simplifies
formulas, but is no loss of generality for our purposes. Further, let G denote the
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finite reflection group generated by {on, @ € R} and let k : R — C be a fixed
multiplicity function on R, i.e., a function that is constant on the orbits under the
action of G. We shall always assume that k is nonnegative, i.e., k(a) > 0 for all
«a € R. The first-order rational Dunkl operators attached to G and k are defined
by

L) TR = 0cf@) + Y ke T TI g e r
aERy !

Here O¢ denotes the derivative in the direction { and Ry is some fixed positive
subsystem of R. The definition is independent of the special choice of R, thanks
to the G-invariance of k. As first shown in [6], the T¢(k), & € RY, generate a
commutative algebra of differential-reflection operators. This is the foundation for
rich analytic structures related to them. In particular, there exist a counterpart
of the usual exponential function, called the Dunkl kernel, and an analogue of the
Euclidean Fourier transform with respect to this kernel. The Dunkl kernel Ej
is holomorphic on CV x CV and symmetric in its arguments. Similarly to the
situation for spherical functions on a Riemannian symmetric space, the function
Ey(.,y) with fixed spectral parameter y € CV may be characterized as the unique
analytic solution of the joint eigenvalue problem

(1.2) Te(k)f = (&y)f forall € CN, f(0)=1,

cf. [20]. Apart from the trivial case k = 0, where Ej(z,y) = ¢(®¥, the kernel E,
is explicitly known in only a very few cases. These include the rank-one case (see
Section Z3) as well as the symmetric group G = S3 ([9]). The reflection-invariant
counterpart of Fy is the so-called generalized Bessel function

Ji( B
,y) |G|Z K (97, y),

geG

which was first studied in [20]. It is G-invariant in both arguments, and is naturally
considered on the Weyl chambers of G. If the rank of R is one, then Jj coincides
with a usual Bessel function. In particular cases, all related to Weyl groups and
certain half-integer multiplicity parameters, generalized Bessel functions can be
given an interpretation as the spherical functions of a Euclidean-type symmetric
space. We shall take a closer look at these examples in the Appendix, Section[d In
these cases, and for all nonnegative multiplicity parameters in the rank-one case,
the generalized Bessel functions J have a positive product formula of the form

(1.3) Ji(x, 2) g (y, 2) = /%Jk(fﬂz)dl/§7y(£) for all z € CV.

Here C' is the topological closure of the Weyl chamber
C={zeRY:(a,z)>0 foral ac R},

and the I/ﬁ,y are compactly supported probability measures on C. It is conjectured
that a positive product formula of the form (I3]) should in fact be valid for arbi-
trary reflection groups and nonnegative multiplicity parameters. In that case, one
would obtain a positivity-preserving convolution of regular bounded Borel mea-
sures on the chamber C' when defining the convolution of point measures according
to 0z o 0y = V;iy. In the special cases mentioned above, this convolution in-

duces the structure of a commutative hypergroup on C, and we conjecture that
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this should be true in general (for nonnegative multiplicities). Roughly speaking,
a hypergroup consists of a locally compact Hausdorff space H together with a
positivity-preserving convolution on the space of regular bounded Borel measures
on H, which allows one to carry over the harmonic analysis on a locally compact
group to a large extent. The hypergroup setting in particular includes double coset
spaces G//H with H a compact subgroup of a locally compact group G. For an
introduction to the subject, the reader is referred to [5] or [17].

As already indicated, the generalized exponential function Ej is of particular
interest, since it gives rise to an integral transform on RY, commonly called the
Dunkl transform. On suitable function spaces, this transform maps Dunkl operators
to multiplication operators. The Dunkl transform provides a natural generalization
of the usual Euclidean Fourier transform, to which it reduces in case k = 0. It is
another open question whether the Dunkl transform admits an interpretation as
the Gelfand transform of a suitable L'-convolution algebra on RY for arbitrary
parameters k > 0. Again this is true in the rank-one case. Here the Dunkl kernel
satisfies a product formula which leads to a convolution structure on the entire
real line, providing a natural extension of the usual group structure, see [21]. In
contrast to a hypergroup convolution, this convolution is not positivity-preserving
if & > 0. We conjecture that an analogous statement is true for arbitrary rank
and all multiplicities £ > 0. In particular, the Dunkl kernel should have a product
formula of the form

(14 BB = [ Bledil,© foralzec,

where the measures ,u’;,y are signed Borel measures on R, which are uniformly
bounded with respect to the total variation norm.

This paper presents a result towards both the stated conjectures, namely a pos-
itive “radial” product formula for Ey. More precisely, we shall prove that for each
x € RY and t > 0 there exists a unique compactly supported probability measure

U’;,t on RY such that

(1.5) Ey(iz, 2)jx(t]z]) = /RN Ek(z{,z)daljyt(f) for all z € RV,

Here the index of the Bessel function jy (see (ZI0)) is given by A = v+ N/2 — 1,
with

v = Z k(a) > 0.

aERy

Of course, the kernel Fj, in ([.5) may be equally replaced by the generalized Bessel
function Jg. This product formula will be obtained from a study of the Dunkl-type
spherical mean operator, as first introduced in [19]. In analogy to the classical case,
the spherical mean operator f — M; is defined for f € C*(RY) by

1
My(x,t) = d_/ f(x 1 ty)wi(y)do(y) (xz € RN, ¢t >0).
k JgN-1
Here dj, is a normalization constant, wy is the G-invariant weight function

(1.6) wg(x) = H o, 2)|?@ (2 e RY),

aERy
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and f(z #; y) denotes the Dunkl-type generalized translation, which coincides with
the usual group translation on RY in case k = 0 and satisfies

Ey(z*ry,2) = Ex(x,2)Ep(y,2) forall z,y e RN, 2 € CV,

A key result of the present paper states that for k£ > 0, the associated spherical
mean operator is positivity-preserving. This implies the existence of compactly
supported probability measures O'I;,t on RY which represent this operator in the
sense that

My (z,t) = /R . fdok, forall feC>®RY).

When specializing to f(x) = Ey(ix, z) with 2 € RY, one obtains (L.5)). Similar to
the classical case k = 0, M/ satisfies a second-order differential-reflection equation
of Darboux type. A study of the domain of dependence for this equation allows one
to deduce further information on the support of the representing measures o ,. In
fact, the support of O'];’t turns out to be contained in the union of closed balls with
radius ¢ around the points gz, g € G. In contrast to the classical case, where the
support reduces to the sphere {¢ € RV : [¢ — 2| = ¢}, now full balls as well as the
complete G-orbit of & have to be taken into account. This is due to the reflection
parts in the generalized Darboux equation for My. These results are contained
in Theorem E. A slightly weaker variant of Theorem [4]] is given in Theorem
Bl Here it is shown that the Dunkl-type generalized translation (more precisely,
the mapping f — f(x % y)) is positivity-preserving when restricted to radial f.
In Section [ the results are applied to construct “radial” semigroups (P;);>o of
Markov kernels on RY, which are translation-invariant in the generalized sense of
[24]. Here P, is obtained by a Dunkl-type translation of a probability measure
of the form duy(z) = wy(z)du;(z), where u} is rotation-invariant.

2. PRELIMINARIES

In this introductory part we give an account on results from Dunkl theory which
will be relevant for the sequel. These concern in particular the Dunkl kernel, the
Dunkl transform and generalized translations. We also include a discussion of the
rank-one case as a motivating example. For a further background in Dunkl theory,
the reader is referred to [6], [7], [8], [15], [23], [28], and [10]. Concerning root systems
and reflection groups, see [14].

Throughout the paper, (., .) denotes the standard Euclidean scalar product in
RY as well as its bilinear extension to CV x CN. For z € RN, we write |z| = \/(, z).
Further, Z, := {0,1,2,...}, and R, := [0,00). We denote by C*(R") the space
of infinitely differentiable functions on RY and by S(RY) the Schwartz space of
rapidly decreasing functions, both equipped with the usual Fréchet space topologies.
For a locally compact Hausdorff space X, C,(X) denotes the space of continuous,
bounded functions on X. Further, M, (X), M, (X) and M*(X) stand for the spaces
of regular bounded complex Borel measures on X, those which are nonnegative, and
those which are probability measures, respectively. The o(M(X), Cp(X))-topology
is referred to as the weak topolgy on M, (X), and the o-algebra of Borel sets in X
is denoted by B(X).

2.1. Basics from Dunkl theory. Let G be a finite reflection group on R with
root system R, and fix a positive subsystem R, of R as well as a nonnegative
multiplicity function k. The associated Dunkl operators T¢(k), defined according
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to (L), share many properties with usual partial derivatives. In particular, if
f € C*RN), then T¢(k)f € C*~1(RY), the T¢(k) are homogeneous of degree —1
on polynomials, and they leave the Schwartz space S(RY) invariant. Moreover,
T¢(k) is G-equivariant:

goTe(k)og™ =Ty(k) (9€G).
The counterpart of the usual Laplacian is the Dunkl Laplacian, defined by

N
A=) T (k)
i=1

where {¢;,i = 1,..., N} is an arbitrary orthonormal basis of (RY, (., .)), cf. [6].
It is given explicitly by

Aufa) = Lufle) 2 Y ko) HO LG,
aERy ’
with the singular elliptic operator
(2.1) Lif(z):= Af(z)+2 Z k(a)%.
aERy ’

According to [7], there exists a unique degree-of-homogeneity-preserving linear
isomorphism Vj, on polynomials such that

Te(k)Vi, = V3,0¢ forall ¢ € RY and Vi(1) = 1.
It is shown in [23] that V}, has a Laplace-type representation of the form
(2:2) Vif(@) = [ 1)
with a unique probability measure u* € M*'(RY) whose support is contained in
C(z) := co{gz, g € G},

the convex hull of the G-orbit of z in RY. By means of formula Z2), V} may
be extended to various larger function spaces, including C°°(R"). We denote this
extension by Vj again. In fact, V. establishes a homeomorphism of C*°(RY); see
Theorem 4.6 of [I6] or [28].

The Dunkl kernel asociated with G and k is defined by

(2.3) Eg(z,y) = Vi(e!¥)(x) = / SV du(€) (ze RV, yeCM).
RN
For fixed y, Fx(.,y) is the unique real-analytic solution of (2), cf. [20]. The

kernel Ej is symmetric in its arguments and has a unique holomorphic extension
to CN x CN. Moreover,

(2.4) Ey(\z,w) = Ex(z, \w) and F(gz,gw) = Ei(z,w)

for all z,w € CN, A € C and g € G. Let wy, denote the G-invariant weight function
(CH). The associated Dunkl transform on L'(R™ wy) is then defined by

7o) = et / (@) Bx(—i€,2) we(z)dz (€ € RY).
]RN
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Here ¢j, denotes the Mehta-type constant
ck = / e*‘m‘2/2wk(:c)dx.
]RN

We shall also consider the Dunkl transform on the measure space Mj(RY),

ARQ) = [ Bucigaduta) (€ € RY).

Many properties of the Euclidean Fourier transform carry over to the Dunkl trans-
form. The results listed below can be found in [§], [15] and [24].

Proposition 2.1.

(1) The Dunkl transform f — fk is @ homeomorphism of S(RY). Its inverse is
given by fY*() = FF(=¢). ~ ~

(2) (L'-inversion) If f € LY (RN ,wy) with f¥ € LY (RN ,wy), then f = (f*)VF
a.e.

(3) (Plancherel Theorem) The Dunkl transform on S(RY) extends uniquely to
an isometric isomorphism of L?(RN Jwy,).

(4) The Dunkl transform is injective on My(RY).

(5) (Lévy’s continuity theorem) Let (pn)nen C M;"(RYN) be such that (i)})nen
converges pointwise to a function ¢ : RN — C that is continuous at 0. Then there
exists a unique measure pn € M,"(RN) with i* = ¢, and (un)nen tends weakly to
73

In [28], a generalized translation on C*°(RY) is defined by
(2.5) rf(@) = VEVIV )@ +y), zy e RY.
Here the superscript denotes the relevant variable. Notice that

nf=f Tek)ryf= nTe(k)f and 7,f(x)=7.f(y) forall z,ye RY.

We shall frequently use the more suggestive notation

f@xry) =7, f(z).

For k = 0, one just obtains the usual group translation on RY: f(z*oy) = f(x+y).
It is also immediate from the definition that

(2.6) Ey(x *, y,2) = Ex(x,2)Ey(y,2) for all z € CV.

We collect some further properties of this translation which will be used later on;
for the proofs, the reader is referred to [2§].

Lemma 2.2.

(1) For fivred y € RN, 7, is a continuous linear mapping from C>(RY) into
C>®(RN).

(2) For fized x,y € RN | the mapping f — f(x*xy) defines a compactly supported
distribution. Its support is contained in the ball {£ € RN : |¢] < |z| + |y|}.

(3) If f € S(RY), then also 7,f € SRY), and (7,f)""(€) = Exliy, &) F*(©).
Moreover,

rf@) = — [ FHE) Buliz, ) Buli, € wil©)de.

Ck JrN
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(4) If f, g € S(RY) and x € RN, then

f@xry)g)wory)dy = [ fy)g(—z =k y)wr(y)dy .
RN RN
Remarks 2.3. Property (3) reveals that on S(RY), the translation (Z3]) coincides
with the version previously introduced in [22]. In [28], part (4) is shown only for
compactly supported test functions; a simple density argument gives the result
for Schwartz functions. Alternatively, (4) follows immediately from (3) and the
Plancherel theorem for the Dunkl transform.

2.2. Expansion of E}, in terms of k-spherical harmonics. In this section, we
derive a series representation for the Dunkl kernel in terms of generalized spherical
(“k-spherical”) harmonics, which will be employed in the positivity proof for the
Dunkl-type spherical mean operator. For a background in k-spherical harmonics,
the reader may consult the recent monograph [10]. The expansion below is of some
interest in its own and has been known for some time at least formally (a personal
communication by M. de Jeu). In the L?-sense, it can be readily deduced from
the Dunkl-type Funk-Hecke formula (Theorem 5.3.4 of [10]). We do, however, give
an alternative approach which yields better convergence and a special case of the
Funk-Hecke formula as a corollary. Throughout this section it is assumed that
N > 2. The space of k-spherical harmonics of degree n > 0 is defined by

HE = kerAp NP,

where Ay, is the Dunkl Laplacian and P;¥ denotes the space of homogeneous poly-
nomials of degree n on RY. The space H¥ has a reproducing kernel P¥( ., .), which
is defined by the property

fa) = d* | F@Piey)un(y)do(y)  forall feHy, and fof <1

Here SV=1 = {z € RY : |z| = 1} is the unit sphere in R, do denotes the Lebesgue
surface measure and

dk _/51\771 wk(l‘)da(l‘) - 2)\1—\(>\+1)5
with
A=~+N/2-1>0.

Suppose that {Y,, ; : j =1,...,d(n,N)} is a real-coefficient orthonormal basis
of HE in L2(SN=1,d, 'wydo). In terms of this basis, P¥ is given by

d(n,N)
Pf(q}, y) = Z Yo, (2)Yn,5(y) -
=1

If z,y € SV~ then according to Theorem 3.2 of [30], the kernel P¥(x,y) can be
written as

(n+ X2\,

(2.7) Pay) = SN (@, ) ),
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where the C} (n € Z,) are the (renormalized) Gegenbauer polynomials

223 (‘Un 2\1/2—X d" 2\n+A—1/2
(2.8) :2F1(—n,n+2)\,)\+1/2;1_x).

Notice that in terms of this normalization, formula (Z7) remains true in the limiting
case A = 0.

Proposition 2.4. Let N > 2. Then for all z,y € RN the Dunkl kernel Ej(iz,y)
admits the representation

, =~ T(A+1) o
(2.9 Ey(iz,y) = —— g |z P (ix,y),
) i) = 3 s gy (elbl) PGy

where for a > —1/2, j, is the normalized spherical Bessel function

oo —1)" (2 2n
(2.10) Jja(z) = T(a+1)- Z%

n=0
The convergence of the series ([2.9) is uniform on compact subsets of RNV x RN,

Proof. By Gegenbauer’s degenerate form of the addition theorem for Bessel func-
tions ([29], p. 368), we have

(2.11) et = Z(%)n ((/\2))\);' Jnaa(r)CN () forallr e R, t € [—1,1]

n=0

(with the obvious extension to the case A = 0). The series converges uniformly
on every compact subset of R x [—1,1]. This is easily seen from the asymptotic
behavior of the gamma function and the estimates

Gana(l <1, R0 < C(1) = 1,

which hold within the relevant ranges of r and t. We now put ¢ = (z,y) with
x,y € SV, and apply the intertwining operator Vj to both sides of (2I1). This
may be done termwise, the locally uniform convergence being maintained: in fact,
according to (Z3)) together with ZTI1)) and (1), we obtain

Eiirz,y) = Vi(e™® ) (y) = / e em k()

[n]<1
=3 S () ) B, )
n=0 no
= TI'(+1 ko
= ——— joa(r) P (irx, y) .
;::02"I‘(n+>\+1)‘7 () P (ire,y)

Since |ViC}(z, N(y)| < CM1) =1 for all z,y € SN, the series converges
uniformly on compact subsets of R x SV~1 x S¥~1 This implies the assertion. O

In view of the orthogonality of the k-spherical harmonics Y, ;, termwise spherical
integration of (Z9) leads to the following well known special case of the Dunkl-type
Funk-Hecke formula (Theorem 5.3.4 of [10]):
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Corollary 2.5. Let N > 2. Then for all z € RV,

1 P(A+1)

By (i, y)Yn,j (y)wi (y)do(y) = )jnH(IwI)Yn,j(iw)-

dy, Jgna 27T (n+ A+ 1

2.3. The rank-one case. Here the reflection group is G = {id, o}, acting on R via
o(x) = —x. The corresponding kernel Ej, with parameter & > 0 has been calculated
in [9]. It is given by

Ey(z,w) = jr_1/2(izw) + %—ijJrl/Q(ZZUJ);

thus Jy(z,w) = jr—1/2(izw). It is well known (see e.g. [5], 3.5.61) that the Bessel
functions j, with a > —1/2 satisfy a product formula of the form

(2.12) Ja(x2)ja(yz) = /0 Ja(&2)dvy ,(§) for all z € C.

Here the vy, are probability measures on R. For x,y > 0, they are given by

dvy ,(2) = ma(z,y, 2)2%* dz

with the kernel
21729 (a4 1) [(2% = (z —y)H) (& + y)* = 22 1/2

= . '1 — x .
ma(x,y,Z) \/7—_(1—\(&_’_ %) (QCyZ)Qa [lz—yl, er](Z)

The product formula ([2.12) induces a convolution of point measures on R accord-
ing to

P «
0z 0q Oy i= Vs

which in turn allows a unique bilinear and weakly continuous extension to a proba-
bility-preserving convolution on M,(R ). It induces the structure of a commutative
hypergroup on R, called the Bessel-Kingman hypergroup of index «, cf. [5]. The
Dunkl kernel Ej, itself satisfies a product formula of type (I4); see [21] and also [25].
Here the representing measures ,u’;,y are not positive, but signed Borel measures on
R with uniformly bounded total variation norm. For z,y # 0, one has

|2k . 1= 0uyzt0say+0sye

duy ,(2) = me_yy2(lzl, lyl, 12])]2 5 dz,
with
22 2% — 2
- if 0
Orzt = 221 if z, 2 #0,
0 else.

There exists a unique bilinear and separately weakly continuous convolution xj
on My(R) such that the convolution of point measures satisfies d, *j 6, = ufj,’y.
This convolution makes M (R) into a commutative Banach x-algebra with unit dg,
involution p*(A) = u(—A) and norm [|u|" = ||L,||, the operator L,, on M;(RR) being
defined by L,(v) = p *r v. The Gelfand transform on M(R) coincides with the
corresponding Dunkl transform. For details, see [2I]. Finally, the convolution xg
matches the Dunkl-type generalized translation as defined above. In fact, Lemma
shows that [, f d(0, *1 6y) = f(z+ry) for all f € S(R), and hence, by a simple
density argument, also for all f € C*°(R).
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3. POSITIVITY OF THE SPHERICAL MEAN OPERATOR
Following [I9] we define the Dunkl-type spherical mean operator f — M on
C>(RY) by
1

M) = o /WI P s ty)wny)doly) (@ €RY, > 0).

In case N = 1 this reduces to

1
My(z,t) = i(f(x #p t) + f(z g —1)).
Lemma [Z2 easily implies that M; € C>°(RY x R,). The following is a key result
of this paper:
Theorem 3.1. The spherical mean operator f — My is positivity-preserving on
C>(RN), i.e.,
f>0 on RY implies that Mg >0 on RN x Ry .

Remark 3.2. The assertion is obvious in the rank-one case: In fact, My can then
be calculated explicitly in terms of the data given in Section 23 We have

MyGe.t) = [ F(:)dok ()
with )
U]:Z,t = 5(#2,15 + Mfﬁ,—t)v
which is easily checked to be a probability measure.
The proof of Theorem BTl in the higher rank case is achieved by a reduction to
initial data of the form f(xz) = T'x(s,z,y), where 'y is the Dunkl-type heat kernel

(3.1) Tu(smy) =1 !

ot Py sy (P Y
23)’Y+N/26ke Ej( )

V25 \/2s
(r,y € RN, s > 0), see [22]. (Notice that the constant c; was defined differently
there.) We recall from [22] that [y is strictly positive with

/ Ty (s, 2, y)wi (y)dy = 1.
RN

Moreover,
(3.2) Tr(s,z,y) = iQ/ e_s|5|2Ek(—ix,§)Ek(iy,f)wk(f)d§.
Ck RN

Lemma 3.3.
(1) For all z,y,z € RN and s > 0,

1 . . .
Dus.onyz) = o [ e P B2, O Bulin O Buliy, wn (€)de.
k JR
In particular, T, (s, ¥y, z) belongs to S(RN) as a function of each of the arguments
€y, z.
(2) / Tr(s,x xk y, 2)wi(z)dz = 1.
N

R
(3) If f € S(RY) and (z,t) € RN x Ry, then

My(ayt) =tim [ My, o) fun(z)dz,
S RN



POSITIVE RADIAL PRODUCT FORMULA FOR DUNKL KERNEL 2423

Proof. (1) By the inversion theorem for the Dunkl transform, formula (3.2)) is equiv-
alent to
Fk(57 '7Z)Ak(§) =¢ —slel? Ek( ZZ,E)
Lemma [Z2(3) thus implies the stated 1dent1ty. The rest follows from the invariance
of S(R) under the Dunkl transform.
(2) In view of (1), we write

Th(s, 245y, 2) = Goy " (2),  with g, (€) i= i675|§|2Ek(i$’§)Ek(iy7§)-
This gives
/RN Tr(s,x gy, 2)wi(z)dz = /R g/m\yk(z)wk(z)dz = CipYz,y(0) = 1.
(1) and the definition of the Dunkl transform, one obtains

/ Mpk<s,.,z)xt>f(> k()

dk R (/SN_l Ti(s,z *p ty, 2)(z, r)wg (y)da(y))f(z)wk(z)dz

/RN /SN_1 e~V FE(&) By (i, €) By (ity, € wi. (y)do (y)wy (€)dé.

Thus, by the dominated convergence theorem,

tim | Mrk(s,.,z (@0 (yun(2)dz

 cpdy

B / /S &) Ex (i, ) Ex(ity, €)wx (y)do (y)wi (€)d¢

crdy

- dk/s LS tyun(y)do(y) = My(z,t).

Remark 3.4. A similar calculation shows that for f € S(RV) and z,y € RV,

flx*ry) = 15%1 J(2) (s, 2 %y, 2)wi(2)dz.

Proof of Theorem [3.l We may assume that N > 2 and v > 0, hence also A > 0.
Moreover, it suffices to prove the result for f € S(RY), because S(RY) is dense
in C°(RY) and My (z,t) depends continuously on f as a consequence of Lemma
2.2(2). Thus, by part (3) of Lemma B3, it remains to show that

(3.3) My, (s,. »)(x,t) >0 forall s>0,z¢ RY and all ¢ >0, 2z € RN.

Let us write M (z,t) := Mrp, (s, . »)(,t) for brevity. Invoking part (1) of Lemma B3
and Corollary 25l leads to

1
M(o,t) = o /SN_l Ti(s, @ ty, 2)wi(y)do(y)

1 2 ‘ . ‘
=5 [ e B (—iz, ) Biia, €) ja(tlE) wi(€)de
k JRN
(3.4) = d_;; I(z,z,r) e ja(tr)r*dr,
Ck‘ 0
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with

1 ‘ ‘
dx /SN_l Bi(ix, 1€) By (~iz, )i (€)do (€).

This integral has to be brought into a form from which the positivity of M (x,t)
can be read off. For this, we insert the series expansion ([2.9) for Ej(iz,r¢), thus
obtaining

(3.5) I(z,z,7) =

Hovor) = 23 gy el
[ P O Bir u(€)do(6)
(3.6 = 3 (i) Bl Gle) P, —irz),
n=0

where for the second identity, again Corollary was used. In case x,z # 0, the
homogeneity of P¥ allows one to write

(3.7) Ph(ire, —irz) = LF A0 J;A.)T(L!QA)” (r]al|2)" VCA(<|:E| >)(ﬁ)

We now employ a well-known degenerate version of the addition theorem for Gegen-
bauer polynomials (see [2], (4.36)): For all s,¢,0 € R,

j)\(\/s2 + 12 — 2st cos 0 )

=2 . +/\>t)7§!2>\)n <2n FF(S\I;Zr 1))2(8t)”jn+A(5)jn+A(t) C(cos6).

n=0

This series converges uniformly with respect to § € R. Combining (3.6) and (B1)
and recalling the Laplace representation (Z2) for V}, we now see that for all z, z # 0,

(z,2,7) = /RN i (/TR T2 = 2l ) ) di 1 ()
(33) = [ i VEP P =20 dik o).

The second identity follows from the dilation equivariance of p*: p¥, (A) = p*(r=1A)
for all r > 0, A € B(RY), cf. [Z3]. By virtue of Corollary Z5] (38) remains true if
x =0 or z = 0. For abbreviation, put

va(n) = V2l + [2]2 = 2(z, m).
Then by (B.4), the product formula for the Bessel functions j, and 11.4.29
of [1], we arrive at

d > . . —sr?
M) =% [ [ e @) it e ko)
k, N

S [ L e ) () dita

dkl‘ A+1) —u?/4s &
N Ciw/ﬂ%f\f (/O € dyv (n)t( ))dﬂz(n)v

which is obviously nonnegative. This finishes the proof. O
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4. A POSITIVE RADIAL PRODUCT FORMULA FOR THE DUNKL KERNEL

4.1. Statement of the main result. Consider f(z) = Ej(iv,z) with z € RY.
Then

(4.1) My (x,t) = Ey(iz, 2)jr(t]2]).

Indeed, we have
o[BG, 2un(a)do(z) = ja(la),
k JgN—1
which follows from Corollary if N > 2 and is obviously also true if N = 1.
In view of (Z.6)), this gives ({I). Theorem B.1] easily implies the existence of the
representing measures stated in the next theorem, which is the main result of this

paper.

Theorem 4.1. For each x € RY and t € R, there exists a unique compactly
supported probability measure ol , € M*(RYN) such that

@2 Blin) il = [ B ook (©) for all y R,

1t represents the spherical mean operator f +— Mjy in the sense that
(4.3) My(x,t) = / fdok,  forall feC®RN).
]RN

The measure oF

x,t

satisfies

suppol, © | J{€ € RV 1 [ — gz| <},
geG

k
x,t

and the mapping (x,t) — o
MY(RN). Moreover,
ng,t(A) = Ul;,t(g_l(A)) and fo,rt

for all g € G,r > 0, and all Borel sets A € B(RY).

Remarks 4.2.
1. The above result also gives a natural extension of the spherical mean operator
at hand: namely, for f € C,(RY), we may define M; € C,(RY x Ry) by

My(x,t) = /RN fdok,.

2. In the rank-one case, the support of 0’;7]5 with t # 0 is given by

s continuous with respect to the weak topology on

(4) = 03, (r7"4)

suppoy, = [ —la| —t,—(lz| = t|] U [[la] — ], |z] +¢].
This illustrates that the complete G-orbit of x has to be taken into account in the
description of supp O'I;,t.
3. From part (2) of Lemma a weaker statement on the support of oit is
immediate, namely suppo? , C {€ € RN : [¢| < |z| + t}.

In order to derive the stated properties of the support of af,’t we use an approach
via a Darboux-type initial value problem satisfied by the spherical mean M;. For
a > —1/2, denote by A, the singular Sturm-Liouville operator

20+ 1

Aa = 8152 + 8t
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on R;. The Bessel functions t — j,(tz), z € C, are (up to normalization) the
unique even and analytic eigenfunctions of this operator, satisfying

Aljaltz) = —2%ja(t2);

here the upper index indicates the relevant variable.
For f € S(RY), we may write

(4.4) M) = £ [ FRO B, i€ (1] uwn (€)de.

Ck JRN
In this case, a direct calculation verifies that uw = My solves the following initial
value problem for the Darboux-type differential-reflection operator Af — Aj:

(4.5) (A7 — Al)u =0 in RV xR, ;
u(x,0) = f(x), u(z,0) =0 forall z € RV,

(To obtain the initial data, one has to use the inversion theorem for the Dunkl
transform as well as the fact that M is even with respect to ¢.) In [19], Prop. 5.2,
it is shown that for arbitrary f € C°°(RY), M is in fact the unique C'*°-solution
of (#3X). Instead of studying the domain of dependence for the above Darboux-
type operator directly, we shall consider the corresponding reflection-invariant wave
operator, which is easier to handle.

4.2. Domain of dependence for wave operators related to reflection
groups. This section is devoted to the study of the Dunkl-type wave operator
Ly — 92, where Ly, denotes the reflection-invariant part of the Dunkl Laplacian Ay,
cf. (Z7)). Notice that in the rank-one case, Lj, coincides with the Sturm-Liouville
operator Ay_y/5. It will be important for the following that L can be written in
divergence form,

1

N
(4.6) Ly = @ Za@ (wi(2)0y, ).

Wi

Let us now turn to the Dunkl-type wave equation on R x R, associated with G
and k,

(4.7) (L — 02)u = 0.

The following uniqueness result for solutions of this equation is in close analogy to
well-known facts in the classical case k = 0.

Lemma 4.3. Suppose that u is a real-valued C?-solution of (), given in the
truncated cone

C(xo,t0) = {(z,t) € RN x Ry : |x —zo| < tp —t}.

Define the energy of u at time t within this cone by

E(t) := %/ (uf + [Vou(z, t)|*) wi (2)da,

where the integration is taken over the level set
By ={z e RN : |z — zo| < tp —t}.
Then E' <0 on Ry.
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Proof. The chain rule gives

B(t) = 1) -

- ug(x, £)? su(z, )P wg (z)dx
5 ), (w0 ¢ [Feute O ()

with
1) = /B (s O, 1) 3 0, ot ) )

=/ (uee(, t) — Liu(z, t))ue(2, hwp (z)dz

/B Z w (@, t)ug, (z, t)wi () de

= / us(x,t) Opu(x, t) wi(x)do (),
OB

where the second identity follows from (@0]) and the last one from the divergence
theorem (v is the exterior unit normal to B; and do the Lebesgue surface measure
on 0B;). By the Cauchy-Schwarz inequality,

1
uOyu < §(uf + |Vaul?).
This implies the assertion. O

The following uniqueness result is an immediate consequence:

Theorem 4.4. Suppose that u is a C%-solution of the wave equation (Ly—02)u = 0,
defined in the cone C(xg,to) and satisfying

ug(2,0) = u(z,0) =0 for all x € RN with |z — xo| < to.
Then u vanishes in C(xg,10).

Proof. We may assume that u is real-valued. Since E(t) > 0 and E(0) = 0, the
lemma shows that E(t) = 0 for 0 < ¢t < tp, and hence uy = 0 and V,u = 0 in
C(z0,t0). This implies the assertion. O

We mention that there exists a thorough study of wave operators (and more gen-
eral hyperbolic operators) related to root systems especially in the case of integer-
valued multiplicity functions; see [3] and the references cited there. In particular,
for integer-valued k and odd dimensions NN satisfying N > 243, the wave operator
Ly — 0? in fact satisfies the strong Huygens principle. This means that a solution
at (zo,to) depends only on the data in an infinitesimal neighborhood of the surface
of the propagation cone with vertex at (zo,to).

4.3. Proof of the main result. For the proof of the properties of the representing
measures in Theorem FT] we have to relate the Darboux-type equation (£H) to the
hyperbolic equation (7). For this, we involve the Riemann-Liouville transform
with parameter a > —1/2 on R;. It is given by

(4.8) Raf(t) = (1/2; 0‘0’:1 75 / Flst)(1 = 2)2~1/2ds
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for f € C*(Ry), see [27]. The operator R, satisfies the intertwining property

d2

a2

Notice that the rank-one intertwining operator Vi, when restricted to even func-
tions, just coincides with Rj_1/2. According to [27], R, is a topological isomor-

phism of C*°(R) with respect to the usual Fréchet topology, which is induced from
the identification of C*°(R) with {f € C*([R): f(—t) = f(t)}.

AsRa = Ra

Proof of Theorem [{.1] For fixed x € RY and ¢ > 0, consider the linear functional
q)z,t : f = Mf(xat)v

which is positivity-preserving on C*°(RY) according to Theorem BI. Moreover,
&, +(1) = 1. It follows that ®, ; is represented by a compactly supported probability
measure of , € M*(RY) (cf. Theorem 2.1.7 of [13]). This implies statement (E3)
and also ({:2) in view of relation (4.1]). Notice that

(4.9) Ey (i, 2)ja(tlz]) = (05 )" (=2).

Thus the uniqueness of aﬁ,t follows from the injectivity of the Dunkl transform on
M*'(RY), cf. Proposition2I] In order to check the weak continuity of (z,t) — o¥ ,,
take a sequence (T, tn)nen C RY xRy with lim,, o0 (T, t) = (20,%0). Then (E9)
implies that (0% , )" — (of , )"* pointwise on RY. Lévy’s continuity theorem
for the Dunk! transform (Lemma21 (5)) now yields that the o*
to O'IO 1,- Further, the claimed transformation properties of 0%,7lt are immediate
consequences of the invariance properties (24)) of the kernel Ej. It remains to
analyse the support of O'I;’t. For this, we shall employ Theorem B4l We therefore
first reduce the general situation to the group-invariant case. We introduce the

group means
gct = |G| Z ggct = |G| Zaxt

geG geG

Futy converge weakly

k

Since oy , is positive, it is enough to show that 5;,& is supported in

K(o,t)i= (J{E e RY 56— gal < 1},
geG

as stated for 0’ . For this in turn, it suffices to show that
f ds"* Opt =0

for all G-invariant f € S(R™) whose support does not intersect K (z,t). So suppose
that f € S(RY) is G-invariant. Then according to Proposition 2.4 of [24], 1 s
also G-invariant, and (£4) shows that z — Mj(x,t) is G-invariant as well. Put
up(x,t) == (RY) " My(z,t), which is still G-invariant with respect to z. According
to (@H) and the intertwining property of the Riemann-Liouville transform, u = uy
belongs to C>°(RY x R, ) and solves the initial value problem

(Lpy —0%)u = 0 in RY xRy;
(4.10) u(x,0) = f(x), u(z,0)=0 forall z € RV,
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Now suppose in addition that supp fNK(x,t) = 0. Then Theorem [ implies that
ug(z,s) =0forall 0 < s <¢. From the explicit form (48] of the Riemann-Liouville
transform R we further deduce that

RNdext = My(z,t) = Rius(z,t) = 0,

as claimed. This completes the proof of Theorem BTl O

5. POSITIVE TRANSLATION OF RADIAL FUNCTIONS

In this section, we derive a slightly weaker variant of Theorem Il For its
formulation, we introduce some additional notation: If F is a space of C-valued
functions on RY, denote by

Frad ={f€F:foA=f foral Ae O(N,R)}

the subspace of those f € F that are radial. For f € F,.q4 there exists a unique
function f : Ry — C such that f(z) = f(|z|) for all z € RN, Similarly, if M is a
space of Borel measures on RV, then

Mpga :={pEM:poA=yp forall Ac O(N,R)}
denotes the subspace of radial measures from M.

Theorem 5.1. For each x,y € RN there exists a unique compactly supported,
radial probability measure p’;y € M} ,(RN) such that for all f € C2,(RY),

rad
(5.1) faan) = [ riek,.
]RN
The support of p’;y is contained in
e RN : min|z + < < max |r + .
£ min 2 + gy| <[] < max|x + gy[}
In particular, if 0 € supp p’;,y, then the G-orbits of x and —y coincide.

Proof. Take f € S,qa(RY). Then according to Proposition 2.4 of [24], fk €
Sraa(RY) with fF(&) = HMNf )(|£|) Here H* stands for the Hankel transform
of index A on L'(Ry ,7?**1dr), given by

A 1 - 2241
B j +14
M) = ST, 90

Employing Lemma [Z2 (3), relations (B.5), (B.8)) as well as the inversion theorem
for the Hankel transform, one obtains

f(x*xpy) / HMNSf / Ey(iz, r€) Ey (iy, r&)wy (§)do (§) v dr
SN—l
/ H)‘ (—z,y,r)rdr
- m// HAE) @) (12 + Ty + 20, m)r L dr dyy ()
= / F(V 22 + [y]? + 2(2, n)) duk (n);
C(y)
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here for the second identity, we used the fact that I(x, —y,r) = I(—z,y,r). This
shows that f(z *;y) > 0if f > 0 on RY. Since ,u’; is a compactly supported
probability measure, it also follows that

sup{|f(z * )| : f € SBRY), [ flle <1} = 1.

Similarly to the proof of Theorem 1] we proceed by considering the linear func-
tional U, ,: f — f(z %, y), which is positive and bounded with norm [|¥, || =1
on the dense subspace S,q4(RY) of (Co rad(RY), || . |ls)- Its continuous extension to
Co,rad(RY) is a probability measure pf , € M}, ,(RY) that satisfies (5.1). Finally,

rad
the statement concerning the support of p];’y is immediate from the implication

ne Cly) = min|z+ gy| < ]z2 + |y|? + 2(z,n) < max|z + gy|.
geG geG
O

The information on the support of the measures p’;,y can in turn be used to
obtain a sharper statement on the supports of the representing measures for the
spherical mean operator in Theorem .1

Corollary 5.2. The measures af,i from Theorem [7.]] satisfy
suppa’;’t C{eeRN: > || —t‘}.
In particular, if 0 € supp U’;’t, then |z| = t.

Proof. Suppose to the contrary that supp aﬁ,t Z{EeRN ¢ > }|fc| — t|} Then
there exists some f € S,.qq(RY) with f >0,

(5.2) suppf N {€ € RY : [¢] > [[a] —¢[} = 0,
and such that My(x,t) > 0. But then n — f(z *; tn) is not identically zero on
SN=1 In view of Theorem [EJ] this is a contradiction to (5.2). O

6. AN APPLICATION: SEMIGROUPS OF k-INVARIANT MARKOV KERNELS
WITH RADIAL DISTRIBUTIONS

There is a concept of homogeneity for Markov processes on RY, called k-invari-
ance, which generalizes the classical notion of processes with independent, station-
ary increments to the Dunkl setting. This was introduced and studied in some
detail in [24]. The most important example is a generalization of Brownian motion,
with the transition probabilities given in terms of the generalized heat kernel I'y, cf.
example[6.8(1) below. A Dunkl-type Brownian motion is a Feller process and there-
fore admits a version with cadlag paths. This version gives, after symmetrization
with respect to the underlying reflection group, a diffusion on the Weyl chambers.
k-invariant Markov processes are constructed from semigroups of Markov kernels
that are k-invariant in the following sense:

Definition 6.1 ([24]). A Markov kernel P : RY x B(RN) — [0,1] is called k-
invariant if

P(x, . )"¢) = P(0, )"¢) - Bp(—iz,&) for all 2,6 € RV,

Here P(z, .) is regarded as a probability measure on RY.
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If £ = 0, the k-invariant Markov kernels are exactly those that are translation-
invariant, which means that they satisfy P(x+ o, A+ o) = P(x, A) for all z,zg €
RY and all A € B(RY). Equivalently, the translation-invariant Markov kernels
(with k£ = 0) are those of the form P(x, A) := d, * u(A) with a probability measure
p € MYRYN); here * denotes the usual group convolution. If & > 0, then for
given u € M'(RY) there usually exists no k-invariant Markov kernel such that
P(0, .) = p. This is due to the fact that the associated generalized translation on
R cannot be expected to be probability-preserving (and is definitely not in the
rank-one case).

However, our results allow us to define associated k-invariant Markov kernels for
all measures u € M*(RY) belonging to the class

MERY) := {p € M*RY) : w; ' (z)du(z) is radial}.

This leads to a considerable variety of k-invariant Markov processes beyond those
discussed in [24]. Concerning the definition of M} (RY), one should notice that for
p € M(RYN), the measure wgldu need not be a Radon measure.

Proposition 6.2. Let € M}(RYN). Then for each x € RY, there exists a unique
probability measure 8, ), u € MY (RN) such that

O Gown)= [ f@andut) for all f e SEY).
It satisfies
62 Gown) = [ Mlduty) for all £ € R

Proof. Recall first that y — f(z *, y) belongs to S(RY) for f € S(RY); whence
the integral on the right side of (6.1)) is well-defined. If u € M}(RY), then for
f € SRY),

[ f s nduty) = / (L fas Iylf)wk(lylf)da(é))w;l(y)du(y)
= [ M Dl o wduts) = [ My ().

This shows that the functional f — [pn f(z *x y)du(y) extends uniquely to a
positive bounded Borel measure &, *5, 1 € Mp(RY) and that (6.2) is satisfied. Since
My =1for f =1, 0, * p is in fact a probability measure. (|

Theorem 6.3.

(i) If p € MYRYN), then P(x,A) := &, i u(A) defines a k-invariant Markov
kernel on RN with P(0, .) = p.

(ii) Conversely, if P is a k-invariant Markov kernel with P(0,.) € M}RY),
then P(x, .) = 65 %k P(0, .).

Proof. For (i), notice first that dg*j p = p. Moreover, by the above proposition and

equation (1)),
o)) = [ Bl €6, m0)0) = [ Mru(msg (o loauty)

RN

= Bula=i€) [ in(ulléhauty).
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Specializing to z = 0, this gives

(63) 6 = [ ar(luliehant),

and thus

(62 *k 0)"N(€) = Bn(—iz,€) - *(€),
which proves that P is k-invariant. By Lévy’s continuity theorem for the Dunkl
transfrom, this also ensures that x +— 0, *j 1 is continuous with respect to the weak
topology on M!(R¥). This easily implies that # — P(x, A) is measurable for any
A € B(RY). Thus the proof of (i) is complete. Part (i) follows immediately from
the definition of k-invariance and the injectivity of the Dunkl transform. O

We also introduce a convolution product for measures from M} (RY):

Definition 6.4. Let p, v € M}(RY). Then px*; v € M'(RY) is defined by

paclf)i= [ semenpin) = [ [ f@sndu@in), 1 eSEY).

Notice that
(6.4) (o v)™ = pko*  for all p, v € MHRN).

There is a close relationship between *; on M, ,i (RN ) and the convolution oy of the
Bessel-Kingman hypergroup of index A = v+ N/2 — 1 on R (cf. Section 23). We
shall in particular obtain from this connection that M} (RY) is closed w.r.t. .
Let us start with some additional notation.

We denote by p(u) € My(R,) the image measure of u € M,(RY) under the
mapping x — |x|, characterized by

[ Hlabidnte) = [ 50)dp(u)r) for all £ € (R,
RN 0
Further, we write * for the Hankel transform of index A on My(R), i.e.,
W) = [ iedo(t), o e MRy,
0

In these terms, (6.3) just states that for u € M}H(RY),

(6.5) (€)= M (p(w) (l€]).

We also recall from hypergroup theory that the Hankel transfrom H* is multiplica-
tive w.r.t. the convolution oy on M(R4), i.e.,

HMo on7) = HMo)H (7)) for all o, 7 € My(R,).

Lemma 6.5. M,i (RN) is a commutative semigroup with respect to *;, with neutral
element 8g. The mapping p : (M}RYN), %) — (MY (Ry),0x), p+— p(u), estab-
lishes an isometric isomorphism of semigroups as well as a homeomorphism with
respect to the weak topologies on both spaces.

Proof. 1t is obvious that p is an isometric bijection from M} (RM) onto M (R}).
Moreover, by Lévy’s continuity theorem for the Dunkl transform and the Hankel
transform respectively, we deduce from (E3) that p is a homeomorphism w.r.t. the
weak topologies on the stated spaces. Commutativity of %, and the statement on
the neutral element are clear. It remains to prove that M} (RY) is closed with
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respect to *j, and that p is multiplicative. For this, let u,v € M}(RY). Then by

(63) and (63),
(i V) () =AHEPH(E) = HA o) (€)M () ([€])
— 1 (p(12) o2 p()) ([€])-

Let 7 € M}(RY) with p(7) = p(i) ox p(v). Then the above calculation shows that
(pu* v)"¢ = 7F. The injectivity of the Dunkl transform implies that pu*,v =7 €
MIRYN), as well as

Pl v) = p(r) = p(p) ox p(v).
This finishes the proof. O

Recall that for two Markov kernels P, Q on R, the composition Po @ is defined
by

PoQ(z,A) = / Q(z, A)P(z,dz).
RN
If P and @ are k-invariant, then P o () is again k-invariant with

(Po@)(@, )" (&) = P0,)™(&) - Q(0,)"*(&) - Bx(—iz, &) (v,€ € RY),

cf. [24]. A family (P;);>0 of k-invariant Markov kernels on RY is called a semigroup
of k-invariant Markov kernels if the following statements hold:
(i) The kernels (P;);>0 form a semigroup, i.e., Ps o P, = Psyy for s,¢ > 0.
(ii) The mapping Ry — MY (RM), ¢ — P;(0,.), is weakly continuous.
The above results enable us to construct semigroups of k-invariant Markov ker-

nels from convolution semigroups with respect to the hypergroup structure oy on
R,.

Definition 6.6. A family (0;);>0 C M'(R4) of probability measures on R} is
called a convolution semigroup on R with respect to oy, if o5 0) 00 = 054+ for
all s,t > 0 with o9 = &9, and if the mapping Ry — MY(R4), t — oy, is weakly
continuous.

Theorem 6.7. Suppose that (0¢)i>0 is a convolution semigroup on Ry w.r.t. oy,
and define (pi)i>0 € ME(RN) by py :=p~'(0r) € ME(RN). Then pus %1, pie = st
for all s,t >0, and P(x,A) := 0, ok pt defines a semigroup of k-invariant Markov
kernels on RV,

Proof. Let s,t > 0. Then by Lemma [G.5]

s ¥k ) = Vs oax vy = Vst = p(lstt)-

Since p is injective on M} (RY), this proves that ps *j it = psie. Further, the
weak continuity of the mapping ¢ — p; on R, is clear from the continuity of p~*.
According to Theorem 63, each P, is a k-invariant Markov kernel with P (0, .) =
pt, and

(Ps o P)(z,.)""(€) = Ex(~iz,§)Ps(0,.)"*(&) P(0,.)""(¢)
= Ey(—iz, RS (AL (€) = Er(—iz, )i (€) = Paye(z, )M (£).
This implies the semigroup property of (P;);>o. O
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Examples 6.8. All the examples for semigroups of k-invariant Markov kernels
discussed in [24] fit into the concept of Theorem BTk
(1) (k-Gaussian semigroups). The k-Gaussian semigroup (P});> is defined by

Wmmzjfm%mw@@ (t > 0),
A

with the Dunkl-type heat kernel T'y, (cf. (3I))). It is k-invariant and defines a Feller
process on RY | the Dunkl-type Brownian motion. According to (3.2) and Lemma
B2, we may write

Fk(tvxvy) = Fk(tv —I kg y)
with

1 el
Fi(t,z) :=Ty(t,z,0) = me |=|*/4t

For ¢t > 0, put
dui(z) := Fy(t, x)wy (z)dx € M}ERY).
Then oy := p(us) € MA} (R4) is given by the Rayleigh distribution

dy,

2A+1_—r2 /4t
@) o e "/t > 0.

dO’t (T) =

It is well known (see e.g. 7.3.18 of [3]) that (v¢)i>0 (with vp := 0) is a convolution
semigroup on Ry w.r.t. oy. It defines a Bessel process of index A. In order to see
that (PF');>0 is associated with (0¢);>0 as in Theorem .7} it remains to verify that

Op %k fit = PtF(x, ).

But if f € S(RY), then by Lemma 22

Oz ks pit(f) = /

[ Bt a@nutdy = [ Tut ) @)

RN

This yields the claimed identity.

(2) (Subordination). If (P;)¢>0 is a semigroup of k-invariant Markov kernels
and (pt)i>0 C M*(R) is a convolution semigroup of probability measures on the
group (R, +) (in the sense of [4]) which is supported by R4, then a subordinated

semigroup (P;)¢>o of k-invariant Markov kernels is defined by

(o)
By(r, A) = / Pu(z, A)dpi(s).
0
Suppose now that (P;);>0 is associated with a ox-convolution semigroup (o¢)¢>0 on

Ry according to Theorem [6771 Then it is immediate that (ﬁt)tzo is associated in
the same way with the oy-convolution semigroup (o¢):>0 defined by

0y ::/ os dpi(s).
0

This example in particular includes the k-Cauchy kernels in [24].
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7. APPENDIX: GENERALIZED BESSEL FUNCTIONS AS SPHERICAL FUNCTIONS

For crystallographic reflection groups and certain discrete sets of half-integer
multiplicity functions, generalized Bessel functions have an interpretation as the
spherical functions of a Euclidean-type symmetric space. This in particular implies
a positive product formula as stated in (L.3).

To become more precise, let us first recall the context from [20] and [16]: Suppose
that G is a connected, non-compact semisimple Lie group with finite center. Choose
a maximal compact subgroup K of G, and let IC x p be the Cartan motion group
associated with the Cartan decomposition g = € + p of the Lie algebra g; here K
acts on p via the adjoint representation. Choose a maximal abelian subspace a of
p, and denote by ¥ C a* the roots of g with respect to a. We consider X as a subset
of a, identifying a with its dual via the Killing form B, and denote by G the Weyl
group of X, acting on the Euclidean space (a, B) = (RV, (., .)). Let us consider
the spherical functions of the Gelfand pair (K x p, ) as K-invariant functions on
(K xp)/K = p. According to Chap. IV of [12], they are of the form vy, A € ac,
where 1) € C*(p) is characterized as the unique K-invariant solution of the joint
eigenvalue problem

Ap)Y = p(A\)Y forallp € I(p), ¥(0)=1;

here I(p) is the space of K-invariants in the symmetric algebra over p and 9(p) is
the constant coefficient differential operator associated with p. Further, ¥\ = 1,
iff 4 = g for some g € G. By taking radial parts of constant coefficient differential
operators on p, it can now be shown that the restriction ¥, |, (which is G-invariant
and determines 1, uniquely) coincides with the generalized Bessel function Ji (., A)
associated with G; the multiplicity function & is given by k(a) = izﬁeRaﬁZ mg,
with m, the multiplicity of a € ¥. A detailed proof of this can be found in [T6].

The convolution of IC-biinvariant functions on the Cartan motion group can be
interpreted as the convolution of a commutative hypergroup structure on the double
coset space (K x p)//K = K \p, which is defined by

Oz * 51C~y = /’C(SIC-(erlvy) dki, T,y €p.

(See [I7], Chap. 8 for information about double coset and orbit hypergroups.) If
a4 is an arbitrary fixed Weyl chamber of a, then each orbit I - x contains a unique
x4 € ay, and the mapping K \p — a1, K- 2 — z; is a homeomorphism; see
[12], Prop. 1.5.18. Thus, we obtain an induced hypergroup structure on the closed
chamber a; which is determined by the convolution

(7.1) Oz * 0y = /’Cé(x+k.y)+dk, T,y € ay.

In particular, the 6, * §, are compactly supported probability measures on a;-. The
identity element of this hypergroup is 0, and the involution is given by (xy)” =
(—x)4. From (Z.I)) together with the characterization of the spherical functions )
by means of their product formula, we see that the set

{1 e C@y) : bz %6y (4) = P(2)0(y)}

of continuous, multiplicative functions on the hypergroup a; consists exactly of the
functions 1, A € ac. With the identification (a, B) = (RY,(.,.)), a; = C and
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Ji as above, we in particular obtain
Ji(x, NIk (y, A) = /*Jk(f’ N)d(6; % 6,)(&)  for all z,y € C, A e CV.
c

Suppose now that G is complex. Then k(a) = 1 for all @ € R, and the associated
Bessel function Jy(.,\) is given by

det
Ji(z, ) = Cgiw(x);?;) ef® )

with some constant ¢ € C; here 7 denotes the fundamental alternating polynomial

7(z) = H (a, ),

aERy

cf. [9], Prop. 1.4. (This result remains obviously true if not a single G-orbit in
R, but any G-invariant subset, in particular R itself, is considered.) The Laplace
representation (223) for Ej, implies that for all x, A € RV,

Jy()) = / N i, (6)
RN

with the G-invariant probability measure
gc = |G| E /J’g;c
geG

For y € RY, denote by v, € M(RY) the image measure of i, under the trans-
lation & — & +y. Then

T (@, ) J1(y, A / Z det <y+5’-‘”>dﬁz(£)
]RN
det (€,90) _ 71'(5)
/R ) Z S M, ) = [ (e T, (6)

This shows that in the present case, the hypergroup convolution on C' is given by
8z % 0y = m(y) "' ps,y, where p, , is the image measure of 71, , under the canonical
projection RY — G\ RN = C. Up to a common multiplicative factor, the spherical
functions ¥y of (K x p,K) can be identified with the spherical functions @ of
the symmetric space G/, cf. [12], Prop. IV.4.10. So the ®, satisfy a slightly
modified positive product formula, which has recently been investigated in [11]. The
representing measures are absolutely continuous with respect to Lebesgue measure
in the generic case, and the authors of [I1] obtained detailed information on their
supports.
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